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Abstract. The theory of generalized thermoelasticity based on the heat conduction equation with 
the Caputo time-fractional derivative is used to study magneto-thermoelastic response of a 
homogeneous isotropic two-dimensional rotating elastic half-space solid. The solution for the 
physical variables is obtained using the normal mode analysis together with an eigenvalue 
approach technique. Numerical computations are carried out for a hypothetical copper like 
material the numerical results are illustrated graphically. Some comparisons have been made in 
the graphical results to show the effect of fractional parameter, magnetic field and the rotation on 
the field variables. 
Keywords: non-Fourier heat conduction, Caputo time-fractional derivative, rotating media, 
normal mode analysis, eigenvalue approach. 
Nomenclature 
ߣ, ߤ Lame’s constant 
ߩ constant mass density of the medium 
ܥா specific heat of the solid at constant strain 
ߪ௜௝ components of the stress tensor 
݁௜௝ components of the strain tensor 
ݑ௜ components of the displacement vector 
݁௞௞ = ݁, cubical dilatation 
ݐ time variable 
ݔ, ݕ space variables 
ΩሬሬԦ angular velocity of the rotating media 
ܶ absolute temperature 
଴ܶ the temperature of the medium in it’s natural state, assumed to be such that ቚ(்ି బ்)బ் ቚ << 1 
݇ thermal conductivity 
ߥ fractional parameter 
߬଴ the relaxation time parameters 
Γ(ߥ) the well-known Gamma function 
ߛ = (3ߣ + 2ߤ)ߙ், a material constant characteristic of the theory 
ߙ் coefficient of linear thermal expansion 
ܪሬԦ଴ initial magnetic field vector 
ܧሬԦ induced electric field vector 
ℎሬԦ induced magnetic field vector 
ܬԦ current density vector 
ߤ଴ magnetic permeability 
ߝ଴ electric permeability 
ܽ଴ = ටఓబுబ
మ
ఘ , Alfen velocity 
ܿ଴ = ඥܿଵଶ + ܽ଴ଶ  
ܿଵ = ටఒାଶఓఘ   
21. FRACTIONAL ORDER MAGNETO-THERMOELASTICITY IN A ROTATING MEDIA WITH ONE RELAXATION TIME.  
M. BACHHER, N. SARKAR 
 © JVE INTERNATIONAL LTD. ISSN PRINT 2351-5279, ISSN ONLINE 2424-4627, KAUNAS, LITHUANIA 57 
ܿଶ = ටఓఘ  
ܿ = ට ଵఌబఓబ, speed of light 
ߝ = ఊమ బ்ఘ஼ಶ(ఒାଶఓ)  
ܯ = 1 + ௔బమ௖మ  
ߚ = ට௖బమ௖మమ  
ߚ଴ = ටఒାଶఓఓ   
ߜ௜௝ Kronecker delta 
ߘଶ ≡ ቀ డమడ௫మ +
డమ
డ௬మቁ  
1. Introduction 
Fractional calculus has been used successfully to modify many existing models of physical 
processes e.g., chemistry, wave propagation, visco-elasticity, electronics and biology. One can 
state that the whole theory of fractional derivatives and integrals was established in the second 
half of the nineteenth century. Various definitions and approaches of fractional derivatives have 
become the main purpose of many studies. There are some materials (e.g. porous materials, 
biological materials/polymers and colloids, glassy etc.) and physical situations (like 
low-temperature, amorphous media and transient loading etc.) where the conventional coupled 
dynamical theory (CD) [1] based on the classical Fourier’s law is unsuitable (see [2] for details). 
In such cases, one needs to use a generalized thermoelastic (and more generally 
thermos-viscoelastic) model based on an anomalous heat conduction theory involving fractional 
time-derivatives, see Ignaczak and Ostoja-Starzewski [3]. 
Fractional order derivatives have been employed for the description of visco-elastic materials 
by Caputo and Mainardi [4, 5] and Caputo [6] and they have successfully established the 
connection between the fractional order derivatives and the linear theory of visco-elasticity. They 
also have obtained a very good agreement with the experimental results successfully. Some 
applications of fractional calculus to various problems of mechanics of solids are reviewed in the 
literatures Rabotnov [7] and Mainardi [8]. A considerable research effort has been extended to 
study anomalous diffusion that is characterized by the time-fractional diffusion wave equation 
introduced by Kimmich [9]. 
Fractional calculus has also been employed in the theory of thermoelasticity. Povstenko [10] 
has constructed a quasi-static uncoupled thermoelasticity model based on the heat conduction 
equation with fractional order time derivatives. He has used the Caputo fractional derivative (see 
[11] for details) and obtained the stress components corresponding to the fundamental solution of 
a Cauchy problem for the fractional order heat conduction equation in both the one-dimensional 
and two-dimensional cases. In 2010, a new theory of generalized thermoelasticity in the context 
of a new consideration of the heat conduction equation with fractional order time derivatives has 
been proposed by Youssef [12]. The uniqueness of the solution has also been proved in the same 
work. Youssef and Al-Lehaibi [13] have studied a problem on an elastic half space using this 
theory. Sherief et al. [14], Ezzat and Fayik [15], Ezzat and El-Karamany [16, 17] and Bachher 
et al. [18, 19] have also constructed some model in generalized thermoelasticity by using 
fractional calculus. 
Investigation of the interaction between magnetic field and stress and strain in a thermoelastic 
solid is very important due to its many applications in the field of geophysics, plasma physics and 
related topics. Especially in nuclear fields, the extremely high temperatures and temperature 
gradients, as well as the magnetic fields originating inside nuclear reactors, influence their design 
and operations. 
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During the second half of 20th century, great attention has been devoted to the study of 
electromagneto-thermoelastic coupled problems based on the generalized thermoelasticity. The 
magneto-thermoelastic disturbances generated by a thermal shock in an elastic half-space having 
a finite conductivity has been investigated by Kaliski and Nowacki [20]. Later Massalas and 
Dalamangas [21] considered the same problem by taking into account the coupling between the 
temperature and the strain field. Paria [22, 23] also solved some problems in magneto-elasticity 
and magneto-thermoelasticity. One can find in [24-34] some other works in generalized 
magneto-thermoelasticity. 
Study of plane thermoelastic and magneto-thermoelastic wave propagation in a non-rotating 
medium is receiving considerable attention in recent years. It appears that little attention has been 
paid to the study of propagation of plane thermoelastic waves in a rotating medium using the linear 
models (L-S, G-L and G-N models) of generalized thermoelasticity. Since most large bodies, like 
the earth, the moon, and other planets, have an angular velocity, it appears more realistic to study 
the propagation of plane thermoelastic or magneto-thermoelastic waves in a rotating medium with 
thermal relaxation. One can see the references [27-31, 35-37] for various study for generalized 
thermoelastic rotating medium. 
In the present paper, the model of the equations of fractional order generalized 
magneto-thermoelasticity with one relaxation time in a homogeneous isotropic rotating elastic 
medium is established by using the Caputo time-fractional derivative [14]. The surface of the 
half-space is taken to be traction free and subjected to a thermal shock. There acts an initial 
magnetic field parallel to the plane boundary of the half-space. The normal mode analysis [38, 39] 
technique is applied to obtain the exact expressions for the considered field quantities. The 
distributions of the considered field variables are represented graphically for a hypothetical 
material. From the distributions, the wave type heat propagation is found in the medium. 
2. Formulation of the problem and governing equations 
We shall consider the problem of a homogeneous, isotropic, thermally and electrically 
conducting elastic half-space (ݔ ≥ 0) in two-dimensional space. The ݔ-axis is taken as vertically 
inwards. The whole body is initially at a uniform temperature ଴ܶ. The surface of the half-space is 
subjected to a thermal shock that is a function of ݕ and ݐ. Thus, all the field variables considered 
will be functions of the time variable ݐ and of the coordinates ݔ and ݕ. Also the considered field 
quantities are assumed to be vanished as ݔ → +∞. The medium is placed in a magnetic field with 
constant intensity ܪሬԦ଴ acting in the ݖ-direction so that ܪሬԦ଴ = (0,0, ܪ଴), where ܪ଴ is a constant. Due 
to the application of this initial magnetic field, there results an induced magnetic field ℎሬԦ and an 
induced electric field ܧሬԦ. We assume that both ℎሬԦ and ܧሬԦ are small in magnitude in accordance with 
the assumptions of the linear theory of thermoelasticity. 
The elastic medium is rotating uniformly with an angular velocity ΩሬሬԦ = Ωሬ݊Ԧ, where ሬ݊Ԧ is a unit 
vector representing the direction of the axis of rotation. The displacement equation of motion in 
the rotating frame of reference has two additional terms [36, 37]: 
i) Centripetal acceleration, ΩሬሬԦ × (ΩሬሬԦ × ݑሬԦ) due to time-varying motion only and 
ii) Corioli's acceleration 2ΩሬሬԦ × ݑሶሬԦ where ݑሬԦ is the displacement vector. These terms don't appear 
in non-rotating media. 
The simplified linearized Maxwell’s equations of electrodynamics for a homogeneous 
isotropic perfectly conducting slowly moving elastic medium are:  
∇ሬԦ × ℎሬԦ = ܬԦ + ߝ଴ܧሬԦሶ , (1)
∇ሬԦ × ܧሬԦ = −ߤ଴ℎሬԦሶ , (2)
ܧሬԦ = −ߤ଴(ݑሬԦሶ × ܪሬԦ), (3)
∇ሬԦ ⋅ ℎሬԦ = 0, ∇ሬԦ ⋅ ܧሬԦ = 0, (4)
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where ܪሬԦ = ܪሬԦ଴ + ℎሬԦ. 
All the considered field quantities will depend on spatial coordinate ݔ, ݕ and time ݐ, so that for 
two-dimensional deformation in the ݔݕ-plane: 
ݑ௜ = [ݑ(ݔ, ݕ, ݐ), ݒ(ݔ, ݕ, ݐ), 0], ܶ = ܶ(ݔ, ݕ, ݐ), ݁ = ݑ,௫ + ݒ,௬.
The electric intensity vector ܧሬԦ  is normal to both the magnetic intensity filed and the 
displacement vector. Thus for ܪሬԦ଴ = (0,0, ܪ଴), ܧሬԦ has the components: 
ܧ௫ = ܧଵ, ܧ௬ = ܧଶ, ܧ௭ = 0. (5)
Since the current density vector ܬԦ is parallel to the electric intensity vector ܧሬԦ , it has the 
components: 
ܬ௫ = ܬଵ, ܬ௬ = ܬଶ, ܬ௭ = 0. (6)
From Eq. (3), we get after linearization: 
ܧଵ = −ߤ଴ܪ଴ݒሶ , ܧଶ = ߤ଴ܪ଴ݑሶ , ܧଷ = 0. (7)
Now, Eqs. (2) and (5) gives: 
ℎଵ = 0, ℎଶ = 0, ℎଷ = −ܪ଴݁. (8)
From Eqs. (1) and (8) we obtain: 
ܬଵ = −ܪ଴൫ ,݁௬ − ߝ଴ߤ଴ݒሷ൯, ܬଶ = ܪ଴൫ ,݁௫ − ߝ଴ߤ଴ݑሷ ൯, ܬଷ = 0. (9)
Using Eqs. (8) and (9), we get the components of Lorentz force as: 
ܨԦ = ߤ଴൫ܬԦ × ܪሬԦ൯ = ߤ଴ܪ଴ଶ൫ ,݁௫ − ߝ଴ߤ଴ݑሷ , ,݁௬ − ߝ଴ߤ଴ݒሷ , 0൯. (10)
For a homogeneous isotropic rotating elastic medium placed in a magnetic field with constant 
intensity ܪሬԦ଴, the displacement equation of motion is: 
ߪ௜௝,௝ + ܨ௜ = ߩൣݑሷ ௜ + {ΩሬሬԦ × (ΩሬሬԦ × ݑሬԦ)}௜ + {2ΩሬሬԦ × ݑሶሬԦ}௜൧. (11)
The heat conduction equation with Caputo time-fractional derivative [14]: 
݇∇ଶܶ = ൬1 + ߬଴
∂ఔ
∂ݐఔ൰ ൫ߩܥா ሶܶ + ߛ ଴ܶ ሶ݁൯, 0 < ߥ ≤ 1. (12)
The constitutive equations are given by: 
ߪ௜௝ = 2ߤ݁௜௝ + [ߣ݁௞௞ − ߛ(ܶ − ଴ܶ)]ߜ௜௝, (13)
where:  
∂ఔ
∂ݐఔ ݂(ݔ, ݐ): =
ۖە
۔
ۖۓ݂(ݔ, ݐ) − ݂(ݔ, 0), ݓℎ݁݊ ߥ → 0,
ܫଵିఔ ∂݂(ݔ, ݐ)∂ݐ , ݓℎ݁݊ 0 < ߥ < 1,
∂݂(ݔ, ݐ)
∂ݐ , ݓℎ݁݊ ߥ = 1,
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the Riemann-Liouville fractional integral operator ܫఔ is defined as: 
ܫఔ[݂(ݐ)]: = 1Γ(ߥ) න
௧
଴
(ݐ − ݏ)ఔିଵ݂(ݏ)݀ݏ,
and ܨ௜  are the components of the Lorentz force vector ܨԦ . In the above equations, a comma 
followed by a suffix denotes material derivative and a superposed dot denotes the derivative with 
respect to time ݐ. 
The strain tensor ݁௜௝ has the components: 
݁௫௫ = ݑ,௫, ݁௬௬ = ݒ,௬, ݁௫௬ =
1
2 ൫ݑ,௬ + ݒ,௫൯, ݁௫௭ = ݁௬௭ = ݁௭௭ = 0. (14)
For two-dimensional deformation in the ݔݕ-plane, we have: 
(ߣ + 2ߤ + ߤ଴ܪ଴ଶ)ݑ,௫௫ + ߤݑ,௬௬ + (ߣ + ߤ + ߤ଴ܪ଴ଶ)ݒ,௫௬ − ߛ ,ܶ௫ 
      = (ߩ + ߝ଴ߤ଴ଶܪ଴ଶ)ݑሷ − ߩΩଶݑ − 2ߩΩݒሶ , (15)
(ߣ + 2ߤ + ߤ଴ܪ଴ଶ)ݒ,௬௬ + ߤݒ,௫௫ + (ߣ + ߤ + ߤ଴ܪ଴ଶ)ݑ,௫௬ − ߛ ,ܶ௬
      = (ߩ + ߝ଴ߤ଴ଶܪ଴ଶ)ݒሷ − ߩΩଶݒ − 2ߩΩݑሶ , (16)
݇൫ ,ܶ௫௫ + ,ܶ௬௬൯ = ൬1 + ߬଴
∂ఔ
∂ݐఔ൰ ൫ߩܥா ሶܶ + ߛ ଴ܶ ሶ݁൯, (17)
ߪ௫௫ = ߣ݁ + 2ߤݑ,௫− ߛ(ܶ − ଴ܶ), (18)
ߪ௬௬ = ߣ݁ + 2ߤݒ,௬− ߛ(ܶ − ଴ܶ), (19)
ߪ௫௬ = ߤ(ݑ,௬+ ݒ,௫ ). (20)
In order to make the Eqs. (15)-(20) dimensionless, the following non-dimension quantities are 
introduced: 
(ݔᇱ, ݕᇱ, ݑᇱ, ݒᇱ) = ܿ଴ߟ(ݔ, ݕ, ݑ, ݒ), (ݐᇱ, ߬ᇱ) = ܿ଴ଶߟ(ݐ, ߬), 
ߠ = ߛ(ܶ − ଴ܶ)ߩܿ଴ଶ , ߪ௜௝
ᇱ = ߪ௜௝ߤ , Ω
ᇱ = Ωܿ଴ଶߟ , ߟ =
ߩܥா
݇ .
(21)
Making use of Eq. (21) into Eqs. (15)-(20), we get (after suppressing the primes): 
ߚଶݑ,௫௫ + ݑ,௬௬ + (ߚଶ − 1)ݒ,௫௬ − ߚଶߠ,௫ = ߚଶ(ܯݑሷ − Ωଶݑ − 2Ωݒሶ), (22)
ߚଶݒ,௬௬ + ݒ,௫௫ + (ߚଶ − 1)ݑ,௫௬ − ߚଶߠ,௬ = ߚଶ(ܯݒሷ − Ωଶݒ + 2Ωݑሶ ), (23)
∇ଶߠ = ൬1 + ߬଴
∂ఔ
∂ݐఔ൰ ൫ߠሶ + ߝ ሶ݁൯, (24)
ߪ௫௫ = (ߚ଴ଶ − 2)݁ + 2ݑ,௫ − ߚଶߠ, (25)
ߪ௬௬ = (ߚ଴ଶ − 2)݁ + 2ݒ,௬ − ߚଶߠ, (26)
ߪ௫௬ = ݑ,௬ + ݒ,௫. (27)
Let us introduce the displacement potentials ߮ and ߰ by the relations function: 
ݑ = ,߮௫ + ,߰௬, ݒ = ,߮௬ − ,߰௫. (28)
݁ = ݑ,௫ + ݒ,௬ = ∇ଶ߮. (29)
By differentiating Eq. (22) with respect to ݔ and Eq. (23) with respect to ݕ, then adding, we 
obtain: 
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ቈ∇ଶ − ܯ ∂
ଶ
∂ݐଶ + Ω
ଶ቉ ߮ = ߠ + 2Ω ሶ߰ , (30)
and by differentiating Eq. (22) with respect to ݕ and Eq. (23) with respect to ݔ and subtracting we 
obtain: 
ቈ∇ଶ − ܯߚଶ ∂
ଶ
∂ݐଶ + ߚ
ଶΩଶ቉ ߰ = 2ߚଶΩ ∂߮∂ݐ . (31)
Eq. (24) can be written as: 
൤∇ଶ − ∂∂ݐ ൬1 + ߬଴
∂ఔ
∂ݐఔ൰൨ ߠ = ߝ
∂
∂ݐ ൬1 + ߬଴
∂ఔ
∂ݐఔ൰ ∇
ଶ߮. (32)
3. Normal mode analysis 
The solution of the physical variables can be decomposed in terms of the normal modes [38, 39] 
in the following way:  
[߮, ߰, ߠ, ݑ, ݒ, ߪ௜௝](ݔ, ݕ, ݐ) = [߮∗, ߰∗, ߠ∗, ݑ∗, ݒ∗, ߪ௜௝∗ ](ݔ) ݁ݔ݌ (߱ݐ + ݅ܽݕ), (33)
where ݑ∗(ݔ)  etc. is the amplitude of the function ݑ(ݔ, ݕ, ݐ)  etc., ݅  is the imaginary unit, ߱ 
(complex) is the time constant and ܽ is the wave number in the ݕ-direction. 
Substituting from Eq. (33) into Eqs. (30)-(32), we arrive at a system of their homogeneous 
equations:  
[(ܦଶ − ܽଶ) − ܯ߱ଶ + Ωଶ]߮∗(ݔ) = ߠ∗(ݔ) + 2߱Ω߰∗(ݔ), (34)
[(ܦଶ − ܽଶ) − ߚଶ(ܯ߱ଶ − Ωଶ)]߰∗(ݔ) = 2ߚଶ߱Ω߮∗(ݔ), (35)
[(ܦଶ − ܽଶ) − ߱߱଴]ߠ∗(ݔ) = ߝ߱߱଴(ܦଶ − ܽଶ)߮∗(ݔ), (36)
where: 
߱଴ = (1 + ߬଴߱∗), ߱∗ = ݁ିఠ௧ݐିఔ ෍
ஶ
௡ୀଵ
(߱ݐ)௡
Γ(݊ + 1 − ߥ). (37)
Eliminating ߰∗(ݔ) and ߠ∗(ݔ) between Eqs. (34)-(36), we obtain the following sixth order 
differential equation satisfied by ߮∗(ݔ): 
[ܦ଺ − ݈ଵܦସ + ݈ଶܦଶ − ݈ଷ]߮∗(ݔ) = 0, (38)
Where: 
݈ଵ = 3ܽଶ + ଵ݃, ݈ଶ = 3ܽସ + 2ܽଶ ଵ݃ + ݃ଶ, ݈ଷ = ܽ଺ + ܽସ ଵ݃ + ܽଶ݃ଶ + ݃ଷ
ଵ݃ = (ܯ߱ଶ − Ωଶ)(1 + ߚଶ) + ߱߱଴(1 + ߝ),
݃ଶ = (ܯ߱ଶ − Ωଶ)[ߚଶ(ܯ߱ଶ − Ωଶ) + ߱߱଴(1 + ߚଶ) + ߚଶߝ߱߱଴] − 4ߚଶ߱ଶΩଶ,
݃ଷ = ߚଶ߱߱଴[(ܯ߱ଶ − Ωଶ)ଶ − 4߱ଶΩଶ].
In a similar manner, we get the following equations: 
[ܦ଺ − ݈ଵܦସ + ݈ଶܦଶ − ݈ଷ]߰∗(ݔ) = 0, (39)[ܦ଺ − ݈ଵܦସ + ݈ଶܦଶ − ݈ଷ]ߠ∗(ݔ) = 0. (40)
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The general solution of the Eq. (38)-(40) can be obtained as: 
߮∗(ݔ) = ෍
ଷ
௝ୀଵ
ܣ௝exp(− ௝݇ݔ), (41)
߰∗(ݔ) = ෍
ଷ
௝ୀଵ
ܤ௝exp(− ௝݇ݔ), (42)
ߠ∗(ݔ) = ෍
ଷ
௝ୀଵ
ܥ௝exp(− ௝݇ݔ), (43)
where ௝݇ , ݆ = 1,2,3 is the root of the following characteristic equation: 
݇଺ − ݈ଵ݇ସ + ݈ଶ݇ଶ − ݈ଷ = 0, (44)
and ܣ௝, ܤ௝ and ܥ௝ are some parameters depending on ܽ and ߱. 
Substituting from Eqs. (41)-(43) into Eqs. (34)-(36), we get: 
ܤ௝ = ݀ଵ௝ܣ௝, ܥ௝ = ݀ଶ௝ܣ௝, ݀ଵ௝ =
2ߚଶ߱Ω
௝݇ଶ − ܽଶ − ߚଶ(ܯ߱ଶ − Ωଶ)
, ݀ଶ௝ =
ߝ߱߱଴( ௝݇ଶ − ܽଶ)
௝݇ଶ − ܽଶ − ߱߱଴
. 
In order to obtain the displacement components ݑ and ݒ, Using Eqs. (33), (41) and (42) in 
Eq. (28), we obtain: 
ݑ∗(ݔ) = ෍
ଷ
௝ୀଵ
ൣ− ௝݇ + ݅ܽ݀ଵ௝൧ܣ௝exp(− ௝݇ݔ), (45)
ݒ∗(ݔ) = ෍
ଷ
௝ୀଵ
ൣ ௝݇݀ଵ௝ + ݅ܽ൧ܣ௝exp(− ௝݇ݔ). (46)
The stress components can be obtained as:  
ߪ௫௫∗ (ݔ) = ෍
ଷ
௝ୀଵ
௝ܲܣ௝exp(− ௝݇ݔ), (47)
ߪ௬௬∗ (ݔ) = ෍
ଷ
௝ୀଵ
ܳ௝ܣ௝exp(− ௝݇ݔ), (48)
ߪ௫௬∗ (ݔ) = ෍
ଷ
௝ୀଵ
௝ܴܣ௝exp(− ௝݇ݔ), (49)
where: 
௝ܲ = ߚ଴ଶ ௝݇ଶ − ܽଶ(ߚ଴ଶ − 2) − 2݅ܽ݀ଵ௝ ௝݇ − ߚଶ݀ଶ௝,
ܳ௝ = ௝݇ଶ(ߚ଴ଶ − 2) − ܽଶߚ଴ଶ + 2݅ܽ݀ଵ௝ ௝݇ − ߚଶ݀ଶ௝,
௝ܴ = −݀ଵ௝( ௝݇ଶ + ܽଶ) − 2݅ܽ ௝݇, ݆ = 1,2,3.
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4. Application 
The normal mode analysis is, in fact, to look for the solution in the Fourier transformed domain. 
Assuming that all the relations are sufficiently smooth on the real line such that the normal mode 
analysis of these functions exist. The initial conditions of the problem are taken as homogeneous 
i.e., ߠ = ݑ = ݒ = 0  and ߠሶ = ݑሶ = ݒሶ = 0  at ݐ = 0 . In order to determine the parameters  
ܣ௝(݆ = 1,2,3), we need to consider the boundary conditions at ݔ = 0 as following: 
i) Thermal boundary condition that the surface ݔ = 0 of the half-space ݔ ≥ 0 subjected to a 
thermal shock: 
ߠ(ݔ, ݕ, ݐ) = ݂(ݕ, ݐ)  ݋݊ ݔ = 0; (50)
ii) Mechanical boundary condition that the surface ݔ = 0  of the half-space ݔ ≥ 0  is 
traction free: 
ߪ௫௫(ݔ, ݕ, ݐ) = 0, (51)
ߪ௫௬(ݔ, ݕ, ݐ) = 0  ݋݊ ݔ = 0. (52)
Substituting from the expressions of considered variables into the above boundary conditions, 
we can obtain the following system of equations satisfied by the parameters ܣ௝(݆ = 1,2,3): 
൭
݀ଶଵ ݀ଶଶ ݀ଶଷ
ଵܲ ଶܲ ଷܲ
ܴଵ ܴଶ ܴଷ
൱ ൭
ܣଵ
ܣଶ
ܣଷ
൱ = ൭
݂∗
0
0
൱. (53)
Solving (53), we obtain the constants ܣ௝ as follows:  
ܣଵ =
݂∗( ଶܴܲଷ − ଷܴܲଶ)
Δ , ܣଶ =
݂∗( ଷܴܲଵ − ଵܴܲଷ)
Δ , ܣଷ =
݂∗( ଵܴܲଶ − ଶܴܲଵ)
Δ , 
where Δ = ݀ଶଵ( ଶܴܲଷ − ଷܴܲଶ) + ݀ଶଶ( ଷܴܲଵ − ଵܴܲଷ) + ݀ଶଷ( ଵܴܲଶ − ଶܴܲଵ). 
5. Numerical results and discussions 
With a view to illustrating the analytical procedure presented earlier, we consider now a 
numerical example. The results depict the variation of the amplitudes of displacements, 
temperature and thermal stresses. For this purpose, the following values of the different physical 
parameters of the copper like material were chosen [36]:  
ߝ = 0.0168, ߚଶ = 3.5, ߚ଴ଶ = 2.01, ߬଴ = 0.02.
Let ߱ = ߞ + ݅ߟ. Then ݁ఠ௧ = ݁఍௧(cosߟݐ + ݅sinߟݐ). So for small values of ݐ, we can assume 
߱ = ߞ. The other constants of the problem were taken as: ߞ = 2, ߟ = 0.3, ܽ = 1, ݂∗ = 50. 
The computations were carried out for a small value of time ݐ = 0.1. The real part of the 
non-dimensional field quantities ߠ(ݔ, ݕ, ݐ), the horizontal displacement ݑ(ݔ, ݕ, ݐ), the vertical 
displacement ݒ(ݔ, ݕ, ݐ)  and the stress components ߪ௫௫(ݔ, ݕ, ݐ)  and ߪ௬௬(ݔ, ݕ, ݐ)  on the plane  
ݕ = 0 are computed for two different values of the fractional parameter ߥ = 0.1,1.0 and two 
different values of rotation Ω = 0.5,0.8  respectively for ܯ = 2.5 . The computed numerical 
results are presented graphically in Figs. 1–10 with respect to a wide range of values of the distance 
ݔ(0.0 ≤ ݔ ≤ 3.0). In Figs. 1–5, the dashed-dot line (-.-) when ߥ = 1.0 refer to the generalized 
magneto-thermoelsticity theory with one relaxation time (LS model) in the presence of rotation 
whereas the solid line (-) for ߥ = 0.1  refer to the fractional order theory of generalized 
magneto-thermoelsticity with one relaxation time with rotation. It is also noted that, in Figs. 6-10, 
the solid line (-) present the curve when Ω = 0.5 and the dashed-dot line (-.-) represent curve for 
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Ω = 0.8 for the fractional order theory of generalized thermoelsticity with one relaxation time in 
the presence rotation and magnetic field. 
 
Fig. 1. Temperature distribution  
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5 
 
Fig. 2. Horizontal displacement (ݑ) distribution  
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5 
  
 
Fig. 3. Vertical displacement (ݒ) distribution  
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5 
 
Fig. 4. The distribution of stress ߪ௫௫  
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5 
  
 
Fig. 5. The distribution of stress ߪ௬௬  
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5 
 
Fig. 6. Temperature distribution  
for ݕ = 0.0, ߥ = 0.5, ܯ = 2.5 
  
 
Fig. 7. Horizontal displacement (ݑ) distribution 
for ݕ = 0.0, ߥ = 0.5, ܯ = 2.5 
 
Fig. 8. Vertical displacement (ݒ) distribution  
for ݕ = 0.0, ߥ = 0.5, ܯ = 2.5 
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Fig. 9. The distribution of stress ߪ௫௫  
for ݕ = 0.0, ߥ = 0.5, ܯ = 2.5 
 
Fig. 10. The distribution of stress ߪ௬௬  
for ݕ = 0.0, ߥ = 0.5, ܯ = 2.5 
  
 
Fig. 11. 3D temperature distribution  
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5 
 
Fig. 12. 3D horizontal displacement (ݑ) distribution 
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5 
  
 
Fig. 13. 3D vertical displacement (ݒ) distribution 
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5 
 
Fig. 14. 3D stress(ߪ௫௫) distribution  
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5  
  
Fig. 15. 3D stress(ߪ௬௬) distribution  
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5 
 
Fig. 16. 3D stress(ߪ௫௬) distribution  
for ݕ = 0.0, Ω = 0.5, ܯ = 2.5 
From Fig. 1, it is noticed that the temperature decreases with the increase of value of the 
fractional order parameter ߥ. In all the cases, the temperature attains maximum value at beginning, 
and then continuously decreases to zero. Fig. 2 and 3 shows that the fractional order parameter 
21. FRACTIONAL ORDER MAGNETO-THERMOELASTICITY IN A ROTATING MEDIA WITH ONE RELAXATION TIME.  
M. BACHHER, N. SARKAR 
66 MATHEMATICAL MODELS IN ENGINEERING. JUNE 2016, VOLUME 2, ISSUE 1  
acts to decrease the magnitude of the displacement components ݑ and ݒ. Significant changes of 
the magnitude of ݑ and ݒ can only be noticed in the range ݔ(0.0 ≤ ݔ ≤ 0.7). From Fig. 4 and 5, 
it is exhibited that the magnitude of the stresses ߪ௫௫(ݔ, ݕ, ݐ) and ߪ௬௬(ݔ, ݕ, ݐ) decrease with the 
increase of the fractional order parameter ߥ. All the curves in Figs. 1-5 converge to zero with the 
increase of ݔ. Figs. 1 and 3 show that the boundary conditions of the problem are satisfied. 
Fig. 6 depicts that the rotation Ω has no significant effect on the temperature distribution at 
ݐ = 0.1, ݕ = 0, ߥ = 0.5, ܯ = 2.5. From Fig. 7 and 8, we can see that magnitude of the horizontal 
displacement ݑ and the vertical displacement ݒ increase with the increasing value of Ω and finally 
goes to zero after ݔ ≥ 1.0. Fig. 9 presents the variation of stress ߪ௫௫(ݔ, ݕ, ݐ) with respect to ݔ in 
which we notice that the magnitude of the stress increases to maximum value within the range 
0 ≤ ݔ ≤ 0.5, then decrease and finally converge to zero. The rotation has decreasing effect on the 
magnitude of ߪ௫௫(ݔ, ݕ, ݐ) . Fig. 10 exhibit the variation of ߪ௬௬(ݔ, ݕ, ݐ)  with respect to ݔ  for  
Ω = 0.5,0.8 on the plane ݕ = 0. It is seen that the magnitude of the stress ߪ௬௬(ݔ, ݕ, ݐ) starts with 
a maximum value and then decrease to zero with the increase of the distance ݔ. Rotation has a 
decreasing effect on the magnitude of ߪ௬௬(ݔ, ݕ, ݐ). 
Figs. 11-16 display three-dimensional distributions of the non-dimensional temperature 
ߠ(ݔ, ݕ, ݐ) , horizontal displacement ݑ , vertical displacement ݒ  and the stresses ߪ௫௫(ݔ, ݕ, ݐ) 
ߪ௬௬(ݔ, ݕ, ݐ)  and ߪ௫௬(ݔ, ݕ, ݐ)  for wide range of ݔ(0.0 ≤ ݔ ≤ 3.0)  and ߥ(0.1 ≤ ߥ ≤ 1.0)  for  
ݐ = 0.1, ݕ = 0, ܯ = 2.5. We have noticed that, the increasing of the value of the parameter ߥ 
causes increasing in the speed of the waves propagation of all the studied fields and it vanishes 
more rapidly. 
6. Concluding remarks 
The results of the present work present the fractional order generalized magneto-
thermoelasticity in a rotating elastic media as a new improvement and progress in the field of 
generalized thermoelasticity. According to this theory, we have to construct a new classification 
to all the materials according to its fractional parameter where this parameter becomes new 
indicator of its ability to conduct the thermal energy. We have seen that the fractional parameter 
has a decreasing effect on the magnitudes of all the considered physical variables. 
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